Abstract We present competitive and uncompetitive drug-drug interaction (DDI) with target mediated drug disposition (TMDD) equations and investigate their pharmacokinetic DDI properties. For application of TMDD models, quasi-equilibrium (QE) or quasi-steady state (QSS) approximations are necessary to reduce the number of parameters. To realize those approximations of DDI TMDD models, we derive an ordinary differential equation (ODE) representation formulated in free concentration and free receptor variables. This ODE formulation can be straightforward implemented in typical PKPD software without solving any non-linear equation system arising from the QE or QSS approximation of the rapid binding assumptions. This manuscript is the second in a series to introduce and investigate DDI TMDD models and to apply the QE or QSS approximation.
Introduction
Drugs interact in many different ways with their targets. Some drug-drug interaction (DDI) mechanisms can be formulated based on first principles such as competitive, uncompetitive or non-competitive behavior [1] [2] [3] .
The first aim of this manuscript is to introduce competitive and uncompetitive DDI as part of target-mediated drug disposition (TMDD) principles [4, 5] . We investigate pharmacokinetic DDI properties and present the baseline situation for constantly available substances, e.g. necessary to describe interaction of endogenous and exogenous agents.
The second aim is to provide quasi-equilibrium (QE) and quasi-steady state (QSS) approximations for DDI TMDD models with rapid binding [6] . Such approximations result in a collection of differential and algebraic equations [6] [7] [8] , formulated in total concentration and total receptor variables. In contrast to the single drug case, in the DDI TMDD situation the non-linear equation system providing the free drug concentrations can no longer be solved explicitly, as presented by Yan, Chen and Krzyzanski [9] for competitive DDI TMDD. Therefore, based on the single drug case, we derived an ordinary differential equation (ODE) formulation without solving any equation system [6] . Here we apply the developed method to DDI TMDD models to avoid solving any equation systems and to obtain a formulation in free concentration variables. Our QE or QSS representation for DDI TMDD models can be straightforwardly implemented in standard pharmacokinetic / pharmacodynamic (PKPD) software.
Theoretical
We divided the construction and approximation of a general TMDD model into four steps, see Fig. 1 in [6] . In the following we apply this construction principles to the competitive and uncompetitive DDI TMDD model. To keep the focus on the DDI TMDD models, we provide detailed mathematical derivations in the Appendices.
Competitive TMDD
If two drugs A and B compete for the same receptor R and thereby form two complexes RC A and RC B , this is called competitive interaction [1-3, 9, 10] . In this mechanism both drugs have equal rights, i.e. if only one drug is on board, the system reduces to the single case. We call this property symmetric DDI behavior.
Original formulation in free variables
The binding kinetics of competitive DDI and its extension to TMDD are presented in 
The initial values of Eqs. (1)- (5) (7)- (9) are obtained similarly as in the single drug case [6] . Note that for a zero baseline concentration C 
In order to provide valid QE or QSS approximations please note that the competitive TMDD model Eqs. (1)- (5) are symmetric in A and B and have the property that if one drug is absent the model equations reduce to the single TMDD equations for the other drug. This means for the parameter values of the competitive system in particular, the QE or QSS assumptions for each single system have to be satisfied. Thus, as in the single drug case [6] we follow Peletier et al. [11] and assume k offX k onX R 0 (1 ð10Þ
In addition, in case of an IV bolus we assume
In case of constant infusion, i.e. In
with C ssX ¼ lim t!1 C X ðtÞ denoting the steady state of the free concentration of drug X.
Final QE and QSS approximation in free variables
We apply the techniques of [6] to Eqs. (1)-(5) (for details see Appendix ''Derivation of the final QE and QSS approximation in free concentration variables'') and obtain its QE and QSS approximation written as ODE formulation in the original variables:
where matrix M Com ðC A ; C B ; RÞ is listed in Table 1 , 
and the input functions
where Y denotes either D (the dissociation constant) or SS (the steady state constant). According to the rapid binding assumptions, the complexes can be recovered from 
Replacing K DX by K SSX for X 2 fA; Bg gives matrix M Com for the QSS approximation.
Eqs. (14)- (20) are the final competitive DDI TMDD model in free concentration variables with QE or QSS approximation. Similar to the single drug case, one has to investigate the IV bolus situation again, since we are dealing here with two infinitely fast processes running at the same time. We are proceeding as in [6] . We mimic an IV bolus by an IV short infusion, instead of solving the algebraic system of balance equations
and R new after administration, where V is the volume of distribution.
Please note that Eqs. (14)- (20) with a short IV infusion is an easy to use ODE which avoids the computation of the solution of any algebraic system.
The first attempt to derive a QE approximation for a competitive DDI TMDD system was by Yan et al. [9] . They used the total variables
and wrote the algebraic equations (20) of the QE assumptions in the form
However, in contrast to the single drug case, no explicit solution for C A and C B of Eqs. (21)- (22) is known. Thus, the reduction of the differential algebraic model equations to an ordinary differential equation in the total variables C totA ; C totB and R tot is not possible.
Uncompetitive TMDD
If drug A binds to receptor R forming a complex RC A and drug B binds now to this complex RC A only, and additionally forms a complex RC AB , this mechanism is called uncompetitive DDI. Hence, drug B acts as an antagonist and its effect depends on prior activation of the recepter R, see [1-3, 10, 13] . We call this unsymmetrical DDI behavior. In case of uncompetitive DDI TMDD, drug A follows TMDD behavior. However, drug B has first-order elimination in absence of RC A and changes to TMDD behavior in presence of RC A . Interestingly, in unsymmetrical cases, i.e., situations of DDIs where the roles of A and B are not interchangeable, there will be a fundamental difference between the QE and QSS approximation.
Original formulation in free variables
The model equations of the uncompetitive DDI TMDD model in original variables read
In Fig. 1b the schematic of Eqs. (23)- (27) is presented. The steady state baseline initial values are
Please note, to shorten the notation in Eqs. (29)-(31) we used K SSX from Eq. (19) . The input functions have the form
where In Ad X ðtÞ denotes administration of drug A or B. To locate parameter regions for which the uncompetitive system (23)-(27) admits a valid QE approximation please keep the following properties of the system (23)-(27) in mind. If drug B is absent, the model equations reduce to the single TMDD equations for C A ; R and RC A . On the other hand, in absence of drug A due to the unsymmetry in the equations, drug B follows a simple linear one-compartment PK with elimination rate k elB . Following Peletier et al. [11] we assume the QE assumptions for the parameter belonging to drug A k offA k onA R 0 (1 ð34Þ
In addition, in case of IV bolus we assume
In case of constant infusion of drug A, that is, In
Moreover, in order to achieve a fast binding of drug B to its complex we in addition assume
Final QE approximation in free variables
We now apply the principles of [6] to Eqs. (23)-(27) (see Appendix ''Derivation of the final QE and QSS approximation in free concentration variables''). The QE approximation provides the algebraic equations
The QSS approximation of the complexes now reads
see Appendix ''QSS approximation'' . Interestingly, in Eq. (41) the parameter k onA , which should be eliminated by the approximation, is still involved. Hence, traditional singular perturbation theory [6, 15] does not eliminate all production rates. Therefore it seems to be not an adequate reduction tool for this DDI case. The final equations for uncompetitive DDI TMDD model in free variables with the QE approximation are
where matrix M Un ðC A ; C B ; RÞ is listed in Table 1 , and 
(see Appendix ''Baseline initial values for the uncompetitive TMDD model''). The input functions are
From Eqs. (39)-(40) the complexes can be obtained via
Drug administration can be performed analogously to the competitive DDI TMDD case. In particular, an IV bolus will be mimicked by a short IV infusion.
Methods
To implement the presented QE or QSS approximation in ODE formulation with free concentration variables, IV bolus administration has to be mimicked by a short IV infusion. Explanation and full details for our ODE formulation with an IV short infusion in ADAPT 5 [16] , NON-MEM [17] , R [18] and MATLAB [19] can be found in [6] .
Oral drug administration can be implemented as usual. In Appendix 5, the NONMEM control stream of the competitive DDI TMDD with QE approximation and IV short infusion Eqs. (14)- (18), and ADAPT 5 source code for the uncompetitive DDI TMDD scenario Eqs. (43)- (48) is presented. Full files are available as supplemental material.
We also implemented the original competitive and uncompetitive DDI TMDD model with IV bolus Eqs. (1)- (9) and Eqs. (23)-(33) in ADAPT 5 and produced data with the residual error model
where Var i is the variance at the ith time point t i , r is the variance parameter and Y the model prediction.
Results
First, typical concentration profiles and pharmacokinetic interaction properties of the original competitive Eqs. (1)- (9) and uncompetitive Eqs. (23)-(33) DDI TMDD model were produced. Second, the QE approximation quality in ODE formulation in free concentration variables with IV short infusion was visualized for escalating doses. Finally, we fit data produced by the original formulation with our QE approximation in ADAPT 5 and NONMEM.
Typical concentration profiles

Competitive DDI
In competitive DDI both drugs compete for the same receptor, a common behavior in different DDI scenarios. For example, often therapeutic antibodies and hematopoietic growth factors are agents competing for the same receptor with endogenous substances [9] . Also endogenous immunoglobulin G antibodies (IgG) compete with exogenous IgG for the neonatal Fc receptor [9] , and erythropoiesis-stimulation agents compete with endogenous erythropoietin for the same receptor. Two properties of the competitive TMDD model Eqs. (1)- (9) were observed: (i) if model parameters of drug A and B are equal, also the concentration profiles C A and C B are equal, (ii) concentration profiles C A and C B , when administered in combination, appear to be higher up to a certain time point compared to the single profiles, if the number of receptors is equal for the single and multiple case. In Fig. 2a, b , property (ii) is shown in case of no baseline concentration.
Next the pharmacokinetic interaction was assessed. Both drugs interact with each other in a competitive manner and administration of one drug has an effect on the concentration profile of the other drug. Let drug A be present in the system. Administration of drug B causes a decrease in the number of receptors R and simultaneously an increase of the complex RC B . Due to the competing behavior, a release of bounded drug A from the complex RC A occurs and therefore an increase of the concentration of drug A. Hence, an increase of free drug concentration C A can occur without actual administration of drug A (10)- (13) 
Uncompetitive DDI
In uncompetitive DDI the action of drug B depends on prior activation of receptor R [13] , i.e. if drug A does not bind with R producing a complex RC A , drug B is not active in the mechanism. Hence, drug B acts as an antagonist. Uncompetitive interaction is attractive from the perspective of selective drug action [21] , but is still a rare mechanism [22] . Some examples without TMDD behavior are: (i) lithium inhibiting inositol monophosphutuse [21] for psychiatric medication, or (ii) memantine an NMDA receptor antagonist for Alzheimer's disease [13] . Currently we are not aware of uncompetitive DDI TMDD examples. However, investigation of this case is useful to open the route for the more common non-competitive scenario where drug B binds to both, the receptor R and the complex RC A .
In the uncompetitive TMDD setting, drug B binds to the complex RC A produced by drug A only. Hence, if no drug A is on board, or the complex RC A is nearly eliminated, drug B follows a first-order elimination process. In contrast, if RC A is available, drug B follows typical TMDD-like profiles, see Fig. 2e , f.
Again the pharmacokinetic interaction, i.e. the effect of administration of one drug on the profile of the other drug was examined. If drug A is administered, complex RC A is build up and therefore more targets are available for drug B causing a decrease in its free concentration. For administration of drug B, complex RC A decreases but only causes a marginal effect on the concentration profile of drug A. For endogenously available drugs at a baseline C 
Approximation quality of the QE formulation
Competitive
The QE approximation in the ODE formulation with an IV short infusion Eqs. (14)- (18) The QE approximation produces an immediate increase of C B caused by the rapid binding assumption, whereas the original system shows a more slow or fast increase. The sharpness of increase of the original system depends on the magnitude of the values k onB and k offB . We increased the values k onB and k offB with an equal ratio K DB , and observe that the original system converges to the QE approximation, compare Fig. 3c, d . This shows that the rapid binding in the original system has to be fulfilled in order to obtain a reasonable approximation.
Uncompetitive
Also the QE approximation in ODE formulation with an IV short infusion Eqs. For increasing values of k onA and k offA with equal K DA the original system for drug A and drug B converges to the QE approximation. Due to the antagonistic nature of drug B, the k onAB and k offAB do not seem to be related to the process of convergence.
Parameter estimation
The QE approximation of the competitive Eqs. (14)- (18) and uncompetitive Eqs. (43)-(48) DDI TMDD model in ODE formulation with an IV short infusion was applied to fit produced data from the original formulations Eqs. (1)- (9) and (23)-(33). All parameters could be well estimated from the produced data. However, in the uncompetitive case it can be difficult to estimate all three drug B related parameters, since drug B switches from the typical TMDD profile back to first-order elimination, if only few or no complex RC A is available. Therefore, we fixed K DAB in our example. Applied model parameters for data production, initial estimates and final estimates are listed in Table 2 . In Fig. 4 the fits of the competitive case (panels a and b) from NONMEM and the uncompetitive case (panels c and d) in ADAPT 5 are shown.
Discussion
Competitive and uncompetitive DDI was extended with TMDD behavior and the baseline scenario for endogenously available substances was included. DDI TMDD models describe the interaction on the pharmacokinetic level instead on an effect level as presented in [3] . We investigated the properties of the competitive and uncompetitive mechanisms. For example, if both drugs compete for the same receptor, administration of a single drug A only, will have an impact on the present free concentration profile of drug B. However, a systematic investigation with mathematical characterizations of the DDI behaviors is crucial to fully describe and quantify the behaviors of these effects.
We applied the QE or QSS approaches to construct approximations resulting in a collection of differential and algebraic equations. Interestingly, the QSS approximation is not capable of removing all drug related parameters (i.e. k onA ) in the uncompetitive case.
In the QE or QSS approximation, we now deal with a nonlinear equation system for the free drug concentrations, as initially shown in [9] for the competitive DDI case. In total variables, for such systems no explicit solution is known. Therefore, we investigated the single drug case again in a separate manuscript [6] , and generalized the presented method to the QE or QSS approximation of DDI TMDD models. An equivalent formulation for the free drug concentrations in ordinary differential equations was obtained without solving any equation system. Our formulation can be implemented in any PKPD software as demonstrated for ADAPT 5 and NONMEM. In the QE or QSS approximation the rapid binding process is approximated by an infinitely fast process. This implies that in the IV bolus situation, which is also an infinitely fast process, one part of the drug goes to the free drug concentration and the other part is infinitely fast bound to the complex. Hence, we mimic the administration of an IV bolus by an IV short infusion. An oral administration can be applied as usual because the drug goes to an additional (1)-(9) and the approximation of the QE formulation Eqs. (14)- (18) absorption compartment and not directly to the free drug concentration.
The original DDI TMDD systems can be well described by the QE approximation if the rapid binding assumption in the original system is fulfilled. We demonstrated that e.g. in case of drug A administered to a system where concentration of drug B is present, the k on and k off parameter have to be large, to satisfactorily describe the increase of drug B. This is in accordance with the rapid binding assumption. Moreover, we emphasize that our applied method is valid in general and can be applied to other systems with rapid binding behavior to construct appropriate QE or QSS approximations without running into trouble with solving nonlinear algebraic equations. Overall we presented DDI mechanisms with TMDD behavior and provided QE approximations which can be straightforward implementation in PKPD software. This opens the route to apply DDI TMDD models (i) for PK DDI characterizations of compounds with TMDD behavior, (ii) as subsystems in physiologically more complex scenarios, such as (minimal) PBPK models, and (iii) as the PK DDI part in PKPD models.
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Appendix 1: Derivation of the final QE and QSS approximation in free concentration variables Competitive 
DDI
Step 1: Total concentration formulation Similar to the single drug case [6] the key for the QE or QSS approximation is to reformulate Eqs. (1)- (5) in total drug and total receptor concentration variables. With
we obtain
The baseline initial values are 
In comparison to Eqs. (1)- (5), Eqs. (60)- (64) have the advantage that the parameters k onX and k offX appear in the equations of the complexes only.
Step 2: QE and QSS binding relations
We assume rapid binding between C A and R, as well as C B and R. Hence, QE or QSS approximation of the complexes RC A and RC B in Eqs. (57)-(58) provide the algebraic equations
for Y 2 fD; SSg with Eq. (19) (see Appendices 2, 3). The differential algebraic equation (DAE) form in total variables is then given by Eqs. (60)- (62), (65)-(66).
Step 3: QE and QSS model equations (66) we obtain the complexes
The next step is to differentiate Eq. (67) and to express 
The equivalent matrix form reads 
Uncompetitive DDI
Step 1: Total concentration formulation
The total drug and receptor variables are
and we obtain 
Note that in the formulation Eqs. (81)-(85) the parameter k onX ; k offX , intended for elimination show up in the equations of the complexes only.
Step 2: QE binding relations
In Appendix 2 it is shown that the QE approximation provides the algebraic equations
and the resulting DAE consists of Eqs. (81)-(83), (86), (87).
Step 3: QE model equations Using Eqs. (73)- (75) and Eqs. (76)- (78) we can compute
In addition, from Eqs. (86)-(87) we obtain by differentiation with PðC A ; C B ; RÞ ¼ I þPðC A ; C B ; RÞ,
Finally, Eq. (93) can be written as explicit ODE 
Appendix 2: QE approximation
The QE approximation is based on the theory of Fenichel [14] which allows a specific selection of the rates to be accelerated.
Competitive
To justify the QE approximation we increase the binding rates k onX ; k offX , where X 2 fA; Bg, by replacing with 
Multiplying Eqs. (94)- (95) by e gives
Taking the limit e ! 0 in Eqs. (96)-(97) results in 
Appendix 3: QSS approximation
Following the classical singular perturbation theory [15] all complex related processes are assumed to be rapid, including the internalization from the complexes.
Competitive
Accelerating the rates with e small in Eqs. (54)-(58) yields
Multiplying Eqs. (112)-(113) by e and taking the limit
Hence, the QSS approximation reads which is equivalent to
The baseline concentrations of the input functions then follow from Eqs. (76)-(77).
